Irreversible quasi-surface metallurgical phase transformations are the specific response of some metallic materials-such as metals and alloys-subjected to high thermomechanical loads applied very near their surface during the manufacturing processes or after being put into operation. These solid/solid phase transformations can be observed, for example, on the tread of many rails in railroad networks frequented by freight trains. The severe thermal and mechanical loads imposed on the surface of the rails and in the immediate vicinity of the surface by the wheel/rail contact often result in highly localized irreversible metallurgical transformations. A new kinetic model based on a previous study is presented here, which accounts more realistically for the nucleation and growth of these irreversible solid/solid phase transformations resulting from high thermomechanical loads. This metallurgical behavioral model was developed in the framework of continuum thermodynamics with gradients of temperature and internal variables.
Introduction
The irreversible quasi-surface solid/solid phase transformations observed in many cases in the real industrial settings such as metal forming processes and the subsequent operating phases are the first material responses to high thermomechanical loads. In metallurgical phase transformations of this kind, which often occur in the rails of straight railway sections [1, 2] and those frequented by heavy freight trains, the ferrite/pearlite phase is directly transformed into a martensite phase [3] . To account for this process, it does not suffice to take only the thermal history of the material into account like in the standard metallurgical phase transformations [4] [5] [6] , but both the thermal and the mechanical histories have to be taken into consideration when modelling these irreversible metallurgical transformations because high combined thermomechanical loads are engendered in the wheel-rail contact area, in the presence of strong normal and tangential stresses possibility in addition to a significant increase in the temperature due to the friction process occurring in the contact area [7] [8] [9] [10] . In a previous study [11] , a kinetic model was presented and discussed for predicting the onset and development of these irreversible quasi-surface solid/solid transformations in the materials subjected to high localized thermomechanical loads applied near the surface. In order to account more accurately, the effects of these high localized thermomechanical loads in the material, a new metallurgical behavioral model, was developed here in the framework of continuum thermodynamics with gradients of temperature and internal variables [12] [13] [14] .
Kinetic Modelling of the Irreversible Quasi-Surface Metallurgical Phase Transformations: A Local and Nonlocal Approach

General Formulation and Constraints in the Framework of Classical Continuum Thermodynamics and Mechanics.
The behavioural laws (or constitutive relations) established in the framework of classical continuum thermodynamics [15] for modelling either a fluid or solid media generally have to comply with the following basic physical axioms [16] [17] [18] : (i) the "principle of determinism" (which has also been called the principle of "causality"), which states that knowledge of the past state suffices to be able to determine the current state of the material-the current thermodynamic state of an element of matter is only conditioned by its history; that is, its future state cannot influence its current state;
(ii) the "principle of local action" (which has also been called the principle of "local state"), whereby the behaviour of the material at a given point depends only on the physical state variables defined at this material point and not on those of neighboring material points-the thermodynamic state of the element of matter depends only on the history of a set of relevant variables;
(iii) the "principle of objectivity" (which has also been called the principle of "material frame indifference"), which states that the behavioural law must be independent of the observer, meaning that only objective physical quantities can be explicitly taken into account in the behavioral equations in order to ensure the invariance when making a change of the referential frame-the behavioural laws must therefore be written using the objective quantities, that is, the tensorial relations.
According to the above principles, the constitutive laws can be written in the following general form:
where Φ and ( = 1, . . . , ) denote the "response variable" at time at the material point and the "functional-memory, " associated with the -constitutive relations, and Ψ ( = 1, . . . , ) are the relevant -physical variables at time and at the material point , involved in the -constitutive relations.
In addition to the principles presented above, classical continuum mechanics [17, 18] also assumes (iv) the "principle of material simplicity" (which has also been called the principle of "simple material") which stipulates that the state of a material point depends entirely on both the history of the first strain gradient and that of the temperature.
Therefore, (1) can be rewritten thus as
where Ψ 1 = E and Ψ 2 = are the Green-Lagrange strain tensor and the absolute temperature at time , respectively, at the material point . In the case of a nonlinear solid, for example, the behavioural law reads S( , ) = Φ 1 ( , ) = S(E( , ), ( , )) where S is the second Piola-Kirchhoff stress tensor.
In the framework of continuum thermodynamics with internal state variables [15, 19] , the functional F can be replaced by the memory effects of a set of additional internal variables [20] and within the framework of the small perturbations theory (where the initial and current configurations are quasi-identical, i.e., Ω 0 ∋ ≡ ∈ Ω where is the position of the material point at time occupying the position at time = 0), (2) reduces tȯ
where ( = 1, . . . , ) denote the functions associated with the -constitutive relations and S are the thermomechanical state of the material point at time , is the Cauchy stress tensor (where ≅ S), is the small-strain tensor (where ≅ E, after linearizing of the operator), and ( = 1, . . . , ) are the internal state variables in finite number (which can be arbitrary order tensors including the scalars and vectors), respectively. The set ( , ) are the "driving" variables responsible for the thermodynamic process (they have also been called "observable" state variables) and the laws of evolution associated with these variables (,) can be of any kind, a priori [21] . It is worth noting that along with the assumption of the small perturbations a tensor of an arbitrary order r satisfies r( , ) ≅ r( , ) and (∇ r( ))( ) ≅ (∇ r( ))( ).
In the case of a classical problem in continuum mechanics, (3) can be rewritten in the following form:
Note that in (3) and (4) the position of the material point has been omitted for the sake of simplicity in the mathematical notations.
Local Approach: A First Model.
In line with (2), a local model was proposed in a previous study to describe these irreversible near-surface metallurgical transformations [11] :
In addition, (5) can be rewritten as a kinetic law (see (4)b):
where ∈ [0, 1] is the metallurgical variable (and = 1 is the only internal variable and moreover it is a scalar).
Comments. (i) Initially, nontransformed material point ( = 0) is composed of a full ferrite/pearlite phase; then when the partial transformation ( ∈]0, 1[) occurs, this material point is composed of a mixture of two phases (a ferrite/pearlite and a martensite phase), and when the transformation has been completed ( = 1), a full martensite phase is present.
(ii) The kinetics of irreversible near-surface solid/solid phase transformations depend on both the temperature and the strain history of the material (see (5) diagram of the metallurgical variable is presented in Figure 1 .
(iii) The thermodynamic admissibility of models of this kind was discussed and tested in [10, 22] .
(iv) Some numerical results of this local model were shown in the case of a one-dimensional problem [11] . In line with the obtained results, the proposed local model is able to predict the nucleation and growth of these irreversible metallurgical phase transformations near the surface where high thermomechanical loads are applied. However, even if this model may describe a transformed maximum layer which is quite realistic, it cannot take into account the possible existence of strong mechanical and thermal gradients in the material under high thermomechanical loads.
In order to improve the prediction of these irreversible metallurgical transformations occurring in the presence of high localized thermomechanical loads near the surface of the material, a new kinetic model is presented in Section 2.3.
Nonlocal Approach: Gradient Modelling with the Temperature and Internal State Variables.
For several years, the nonlocal theories developed in the framework of continuum mechanics [23] have been developed because classical continuum theory cannot be used to predict some phenomena involved in the common mechanical problems such as the size effects [24, 25] or the localization of strain and damage in some nonlinear solid materials as metals, rocks, and concretes [26] . Since the local action (ii) and the material simplicity (iv) (see Section 2.1) are not necessarily satisfied and their relevance is therefore questionable [27] , the nonlocal continuum theory can be used to integrate the weighted averages [28] and higher-order gradients of state variables, such as the observable variables (strain, temperature) or internal variables (characteristic of the dissipative processes under consideration) [12, 29] . Gradient theories are therefore widely used to model the localization of the strain and damage in a large class of solid materials [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] .
In the framework of gradient theory, (1) can be rewritten as follows:
where Φ andF ( = 1, . . . , ) denote the "response variable" at time at the material point and the "functional-memory, " associated with the -constitutive relations, depending on Ψ and Ψ / ( = 1, . . . , and > 0) which are the relevant physical variables and theirorder gradients involved in the latter, respectively.
In order to account for the possible existence of strong mechanical and thermal gradients in the material subjected to high thermomechanical loads, the laws of evolution can be written (assuming the presence of small perturbations) as follows:
where ∇ and ∇ denote the first gradient and the -order gradient operator, respectively. It should be noted that only the first temperature gradient ∇ and higher-order gradients associated with the internal state variables ∇ ( ∈ N * ) are used here in the modelling procedure.
In line with (8), we assume that the law of evolution of the metallurgical variable = 1 in the irreversible quasi-surface solid/solid phase transformations can be written aṡ
where ∇ 2 ≡ Δ denotes the Laplace operator (or Laplacian). Note that in this gradient model it is assumed that the kinetic law can be a function of the first gradient of the temperature ∇ as well as the first-and second-order gradient of the metallurgical variable (∇ , ∇ 2 ). Higher-order gradients of the Laplacian ( > 2) are therefore not taken into account here.
The nonlocal kinetic model for describing these irreversible quasi-surface solid/solid phase transformations iṡ Journal of Solid State Physics 
where denotes the yield function associated with the irreversible solid/solid phase transformation, is the current yield strength of the phase transformation, 0 is the initial yield strength (when
is the von Mises (equivalent) stress, − = (1/3) Tr ( ) and are the spherical and deviatoric part of the Cauchy stress tensor ( = − G+ where G is the metric tensor), Tr(⋅) is the trace operator, is a material parameter associated with the solid/ solid phase transformation, 1 , 2 , and 3 are the coefficients associated with the local and nonlocal terms of the metallurgical variable , is the characteristic time of the viscous effects associated with the phase transformation (or the relaxation time), and are two coefficients of viscosity associated with the material in question (the viscosity exponent and the resistance coefficient, resp.), 1 and 2 are the coefficients associated with the local and nonlocal terms of the temperature , (⋅) denotes the Heaviside step function ( ( ) = 1 when ≥ 0 and ( ) = 0 when < 0), ⟨⋅⟩ denotes the Macaulay brackets (⟨ ⟩ = ( )), and ‖ ⋅ ‖ is the Euclidean norm (‖ x ‖= (x ⋅ x) 1/2 where x is a vector and ⋅ is the inner product).
Comments. (i)
The gradient model presented in (10) belongs to a class of rate-dependent models for the inelastic behavior of materials. The inelastic behaviour investigated here obeys a viscoplastic law of Perzyna type [40, 41] . The convex domain, introduced to account for the irreversibility of solid/solid phase transformations, is limited by the criterion surface equation:
= 0 (see Figure 2) . The yield criterion (11) depends on the stress tensor ( ), the metallurgical variable ( ), the temperature ( ), the first gradient of the temperature and that of the metallurgical variable (∇ , ∇ ), and the second-order gradient of the metallurgical variable (Δ ); that is, = ( , , ∇ , Δ , , ∇ ). When the yield criterion satisfies (i) > 0, theṅ> 0 and the phase transformation increases; (ii) < 0, theṅ= 0 and the phase transformation remains unchanged.
(ii) The nonstandard metallurgical phase transformations studied here are activated by a certain level of mechanical stresses state, such as normal and shear stresses, via and V , possibly accentuated by the temperature and its gradient ∇ and also by the metallurgical state via the scalar variable , the first and second gradient of this variable (∇ ,Δ ). The current yield strength associated with the phase transformation (12) therefore depends on these different local and nonlocal terms; that is, = ( , ∇ , , ∇ , Δ ).
(iii) This metallurgical transformation occurs when the mechanical stresses state reaches a sufficient magnitude to trigger the dislocation motion processes in the material caused by the strong strain incompatibilities between the former phase (the ferrite/pearlite phase) and the new phase (the martensite phase). The initiation and development of these solid/solid phase transformations are strongly influenced by the thermal and mechanical state of the material. The initial yield strength associated with the phase transformation 0 (13) therefore depends on the temperature of the temperature variable and its first gradient ∇ ; that is, 0 = 0 ( , ∇ ). The increase in the temperature and/or the temperature gradient can be able to considerably reduce the initial yield strength 0 (13). The coefficient 2 associated with the nonlocal terms of the temperature is a characteristic thermal length which serves to determine the active zone in the thermal gradient involved in the metallurgical transformation. Since the local and nonlocal metallurgical states also determine the phase transformation progress, the metallurgical variable (local term) and the first and second gradient of (nonlocal terms: ∇ , Δ ) are introduced. In line with [42] , a linear coupling of the local and nonlocal terms associated with the metallurgical variable is introduced here (see (12) ). During transformations of this kind, a hardening process occurs [7] , which is simulated here by the term 1 where 1 denotes the linear isotropic hardening coefficient (which is a dimension of a stress) [8, 10] . In the nonlocal term 2 ∇ , an intrinsic characteristic length parameter can be introduced into the gradient coefficient 2 so that 2 = 0 . Another intrinsic characteristic length parameter can also be introduced into the nonlocal term 3 Δ where 3 = 0 2 (see [42, 43] ). The first-order gradient ∇ is included here in order to take into account the size effects in these metallurgical transformations. The localization of the transformation is described by the secondorder gradient ∇ (see [44, 45] ).
(iv) The rate-independent plasticity is the limit case of the rate-dependent viscoplastic materials, that is, it occurs when the viscous effects vanish (the relaxation time tends to zero, → 0).
(v) The validity domain of the kinetic model is ensured by the term ⟨1 − ⟩, that is, when the maximum value of is reached = 1 (in the case of the full phase transformation), thenż = 0.
(vi) This nonlocal kinetic model can reduce to a local model in cases where the internal variables ( ≥ 1) remain constant in the space; that is, when (x, ) = ( ), then ∇ (x, ) = Δ (x, ) = 0. If the metallurgical variable = 1 satisfies the above relation, then the kinetic law will be of the same type as that presented in Section 2.2.
(vii) The coefficients in the kinetic law under consideration here are the viscosity exponent (which is dimensionless), the resistance factor (which is a dimension of a stress), and the relaxation time (which is dimension of a time). These coefficients depend, a priori, on the temperature and on the material in question. In addition, the resistance factor can be also a function of the set of the internal variables ; that is, = ( , , ).
(viii) In line with the first kinetic model (Section 2.2), the thermodynamic admissibility of the model developed here can also be confirmed [7, 10, 22] by simply checking whether the Clausius-Duhem inequality is satisfied [20, 21] .
(ix) In the first step, we can take = 1 and = 0 . In the same way, we can give some parameters such as (dimensionless), (dimensionless), 1 (dimensionless), and a unit value. The values of the parameters, 1 (a dimension of a stress),
(a dimension of a force), 0 (a dimension of a stress), and 2 (a dimension of a length), selected have to be determined by performing experimental tests.
(x) The value of the material parameter depends on the irreversible solid/solid phase transformation investigated here: = 10 2 (see [22] for more details). (xi) Figure 3 (a) presents the wheel/rail problem arising in the case of an irreversible quasi-surface metallurgical phase transformation occurring in the rail just below the contact zone. The qualitative distribution of the metallurgical variable in the depth of the rail associated with the proposed kinetic model is described in Figure 3(b) , where the predictedfields using a local approach (solid line) and a nonlocal approach (dashed and dotted lines) are presented. In line with the obtained results in the previous study [11] , the effects of the temperature and its first gradient ∇ (dashed line) on the -field are also shown qualitatively, along with the effects of the nonlocal metallurgical terms ∇ and Δ (dotted line). It is worth pointing out that the temperature increase in a wheel/rail problem may range from few degrees to hundred degrees Celsius or even more (see [46] [47] [48] [49] for more details). The nonlocal kinetic model presented here can therefore account for the high localized thermomechanical fields occurring near and in the immediate vicinity of the contact zone and thus predict more accurately than the previous model the irreversible solid/solid phase transformations occurring just under the rail surface [8, 10] .
Concluding Remarks
In this paper, a new kinetic model is presented for predicting the onset and development of the irreversible quasisurface solid/solid phase transformations occurring on the tracks of some railways. Based on the gradient theory, this metallurgical behavioral model is extended here to include irreversible solid/solid phase transformations taking into account the possible existence of strong mechanical and thermal gradients in the material as the result of the heavy thermomechanical loads induced by the wheel/rail contacts. For this purpose, the gradients of the temperature and the metallurgical variable have been explicitly included in the model.
Conflict of Interests
The author declares that there is no conflict of interests regarding the publication of this paper.
